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We theoretically propose a scheme to realize the rotation sensing based on two coupled whispering-
gallery-mode resonators system with the active resonantor being rotated while the passive one being
stationary. We show that the rotation induced Sagnac effect will shift the eigen-frequency of the
supermodes. We can measure the average photon number in the steady state or the fluctuation
spectrum of the output field to detect the angular velocity of the rotation. We hope that our
investigation will be useful in the designing of quantum gyroscope based on spinning resonators.
I. INTRODUCTION
Quantum gyroscope, which plays an important role in
the inertial navigation, is aiming to perform the rota-
tion sensing by use of quantum effect. Up to now, the
quantum gyroscope has been investigated in many vari-
ous quantum systems, such as photon and matter-wave
interferometers [1–3], cold atom system [4–6], solid spin
system [7–11] as well as optomechanical system [12, 13].
Whispering-Gallery-Mode (WGM) resonators have be-
come a versatile platform for both of fundamental phys-
ical research and technology application. For example,
people have demonstrated the non-Hermitian physics as-
sociated with parity-time (PT ) symmetry phase transi-
tion [14, 15] and proposed its application in low-threshold
lasers [16, 17], quantum metrology [18] and quantum
sensing for nano-particles [19, 20]. Recently, the spinning
WGM resonator [21, 22] where the resonator is rotated
has invoked more and more attentions, including the
rotation enhanced quantum sensing [23], non-reciprocal
photon blockade [24, 25] and so on.
Based on the above investigations, it is natural to in-
vestigate the spinning WGM resonator based quantum
gyroscope. The underlying physics behind the spin-
ning WGM resonator gyroscope is that the Sagnac ef-
fect [26, 27] induced by the rotation will lead to a fre-
quency shift of the optical mode. As a result, the re-
sponse of the system to the external driving or noise is
sensitive to the angular velocity, and it supplies us an
approach to perform the rotation sensing.
In this paper, we propose a theoretical scheme for the
quantum gyroscope based on two coupled WGM res-
onators with loss and gain. Here, the coupling between
the two resonators will induce the normal mode splitting
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and the rotation of one of the resonator will induce the
shift of the supermode frequency. We demonstrate that
the angular velocity can be detected by measuring either
the average photon number or the fluctuation spectrum
of the output field. The former one comes from the clas-
sical effects of the system, while the quantum nature will
take effect in the later one. Furthermore, we also com-
pare the fluctuation spectrum with and without gain, our
results show that the optical gain will enhance the perfor-
mance of rotation sensing by increasing the height of the
spectrum peak. However, superior to the PT symmetry
phase transition based quantum sensing, our gyroscope
is not necessary to work around the exceptional point.
Therefore, it is more convenient to be realized in experi-
ments.
The rest of the paper is organized as follows. In Sec. II,
we introduce the theoretical model based on two cou-
pled WGM resonators with loss and gain and analyze
the energy spectrum of the system, which is described
by a non-Hermitian Hamiltonian. In Sec. III, we study
the average photon number in the active resonator and
the fluctuation spectrum is furthermore demonstrated in
Sec. IV. At last, we give a brief conclusion in Sec. V.
II. MODEL
As shown in Fig. 1, we study the system of two coupled
WGM resonators a and b, which are driven coherently by
the external classical fields. We consider that resonator
a is an active resonator, and b is a passive one. As re-
ported in Ref. [14], the optical gain in resonator a can
be realized by fabricating from Er3+-doped silica. Both
of the two WGM resonators support two kinds of opti-
cal modes, which propagate along the clockwise (CW)
direction and counterclockwise (CCW) direction respec-
tively. However, the classical fields in our consideration
only drive the CCW mode in resonator a and the CW
mode in resonator b. The coupling strength J between
2FIG. 1: Schematic diagram of two coupled whispering-gallery-
mode resonators. which are coherently driven by the classical
fields. The resonator a with gain rotates at the angular ve-
locity Ω while the resonator b with loss is stationary.
the two resonators can be tuned by controlling their dis-
tance. Furthermore, the active resonator is rotated coun-
terclockwisely with the angular velocity Ω, while the pas-
sive resonator and the waveguides are stationary. Re-
cently, such kind of rotating system has been realized and
was used to demonstrate the optical nonreciprocity [21].
In this paper, we will perform the quantum sensing to Ω
by studying the average values of the steady state and
the fluctuation spectrum of the system.
The Hamiltonian of the system can be described as
H = H0 +HI , with (~ = 1)
H0 = (ωa −∆+ iga)a†a+ (ωb − iκb)b†b
+J(a†b+ ab†), (1)
HI = (ηaa
†e−iωdt + h.c.) + (ηbb
†e−iωdt + h.c.). (2)
Here, ωa and ωb are respectively the resonant frequen-
cies of resonator a and b respectively. ηa and ηb are the
driving strengths of the classical fields, with the same fre-
quency ωd. In what follows, we will assume ωa = ωb = ω¯,
and set ηa and ηb to be real numbers. ga(κb) is the to-
tal gain (decay) rate of resonator a (b), whose detailed
definition will be given below. ∆ in Eq. (1) is the rota-
tion induced Sagnac-Fizeau shift for resonator a, which
is expressed as [28]
∆ =
nRΩωa
c
(1 − 1
n2
− λ
n
dn
dλ
) (3)
with n and R the refractive indices and radius of res-
onator a, λ and c are the wavelength and speed of light,
respectively.
The non-Hermitian Hamiltonian H0 can also be writ-
ten as (without driving fields)
H0 =
(
a† b†
)H
(
a
b
)
. (4)
where
H =
(
ω¯ −∆+ iga J
J ω¯
)
, (5)
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FIG. 2: The real (a) and imaginary (b) parts of E±. The
parameters are set as ga = 0.5κb, J = 5κb.
and its eigenvalues are
E± =
2ω¯ −∆+ iga ±
√
(∆− iga)2 + 4J2
2
. (6)
Here, the coupling between the two resonators induces
the normal mode splitting and the frequencies and decay
rates of the two supermodes are respectively given by the
real and imaginary parts of eigenvalues E± of H. It is
observed from Fig. 2(a) that, the resonant frequencies of
the two supermodes are modified by the rotation, which
can be used to perform rotation sensing. Besides, the
corresponding decay rates, which are characterized by
the imaginary parts of E±, are also sensitive to the rota-
tion speed as shown in Fig. 2(b). This kind of rotation
induced distortion has been discussed in Ref. [29].
The time dependent in the Hamiltonian can be elim-
inated by transferring into the rotating frame, then the
Hamiltonian becomes
H ′ = (∆¯−∆+ iga)a†a+ (∆¯− iκb)b†b
+J(a†b+ ab†) + (ηaa
† + ηbb
† + h.c.), (7)
where ∆¯ := ω¯ − ωd. According to the Heisenberg equa-
tions for the motion of the operators and adding the noise
terms, we will obtain the quantum Langevin equations as
d
dt
a = −[i(∆¯−∆)− ga/2)]a− iJb− iηa
+
√
κex,aain +
√
κ0,aa
(0)
in +
√
ga
(g)
in , (8)
d
dt
b = −(i∆¯ + κb/2)b− iJa− iηb
+
√
κex,bbin +
√
κ0,bb
(0)
in . (9)
Here, g is the gain of the resonator mode a and ga =
g − κa. The total decay rates of the resonators a and
b are described by κm = κex,m + κ0,m (m = a, b) where
κex,m and κ0,m are respectively the external coupling rate
and the intrinsic dissipation rate.
3The zero-mean-noise operators associated with the loss
of the resonators satisfy [30]
〈oin(t)o†in(τ)〉 = δ(t− τ), 〈o†in(t)oin(τ)〉 = 0, (10)
〈o(0)in (t)o(0)†in (τ)〉 = δ(t− τ), 〈o(0)†in (t)o(0)in (τ)〉 = 0, (11)
for o = a, b. However, the noise operator associated with
the gain of resonator a obeys [30–33]
〈o(g)in (t)o(g)†in (τ)〉 = 0, 〈o(g)†in (t)o(g)in (τ)〉 = δ(t− τ). (12)
In quantum mechanics, an arbitrary operator can be
separated by its classical part (which is a c number av-
erage value) and quantum fluctuation (which is still an
operator). In other words, it is reasonable to write the
operators a and b as a = α+ δa and b = β + δb. Here, α
and β are the average values, δa and δb are the quantum
fluctuations. For short, in what follows, we will still use
a and b to represent δa and δb.
III. CLASSICAL AVERAGE VALUES IN THE
STEADY STATE
In this section, we will discuss the behavior of the av-
erage values in the steady state. The investigation about
the quantum fluctuation will be studied in the next sec-
tion.
It follows from Eqs. (8) and (9) that the average values
α and β yield
i
dα
dt
= −[i(∆¯−∆)− ga/2]α− iJβ − iηa, (13)
i
dβ
dt
= −(i∆¯ + κb/2)β − iJα− iηb. (14)
The system is stable only if the imaginary parts of all
the eigenvelues of the matrix H [defined in Eq. (5)] are
negative. In what follows, we will choose the parameters
inside the stable regime.
The average values in the steady state are solved as
α =
(∆¯− iκb/2)ηa − Jηb
J2 − (∆¯−∆+ iga/2)(∆¯− iκb/2)
, (15)
β =
(∆¯−∆+ iga/2)ηb − Jηa
J2 − (∆¯−∆+ iga/2)(∆¯− iκb/2)
. (16)
To perform the rotation sensing in our system, we will
study the behavior of average photon number |α|2 in res-
onator a as a function of the frequency of the driving
field(s), for different rotation induced Sagnac-Fizeau shift
∆. We recall that the result for |β|2 is similar.
We now consider the case when only the mode in res-
onator a is classically driven, that is ηb = 0. As shown in
Fig. 3(a), the average photon number shows two peaks,
at which the driving field is resonant with the super-
modes, this is the coupling induced normal-mode split-
ting. Meanwhile, due to the non-equilibrium nature of
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FIG. 3: Average photon number |α|2 as a function of the
frequency of the driving field for different Sagnac-izeau shifts
∆. The parameters are set as ga = 0.5κb, J = 5κb and (a)ηa =
0.2κb, ηb = 0, (b) ηa = ηb = 0.2κb.
the system (that is, resonator a is an active resonator but
b is a passive one) and the rotation induced distortion,
the lifetimes of the two supermodes, which are character-
ized by the imaginary parts of E± as shown in Fig. 2(b)
are different from each other. As a result, compared with
the right peak, the left peak is much narrower and the
average photon number is much larger. Furthermore, we
show that the positions and heights of the peaks are de-
pendent on the Sagnac-Fizeau shift, which supplies us an
effective approach to perform rotation sensing by observ-
ing the average photon number in the steady state.
Surprisingly, when both of the resonators are driven by
the classical field with same intensity (ηa = ηb =: η), the
left peak nearly disappears while the right peak remains.
This phenomenon can be explained by writing the Hamil-
tonian H ′ in the supermode representation. To this end,
we firstly consider a simple case without rotation, gain
and loss. Then, the Hamiltonian can be written as
H ′ = (∆¯ + J)A†A+ (∆¯− J)B†B +
√
2η(A† +A), (17)
where the symmetry supermode is defined as A := (a +
b)/
√
2, while the anti-symmetry supermode is defined as
4B := (a − b)/√2. The last term in Eq. (17) implies
that the anti-symmetry supermode B is decoupled from
the external driving field, leading to the disappearance
of the left peak in Fig. 3(b)[Comparing with the result
in Fig. 3(a)]. Nextly, when the rotation, gain and loss
of the system are taken into account, the symmetry and
anti-symmetry nature of the two supermodes are broken.
The supermode B is also coupled to the classical fields,
but the coupling intensity is much smaller compared with
that of the supermode A. Therefore, as shown in the
inset of Fig. 3(b), there is also a small peak when the
driving fields are resonant with the supermode B. In this
sense, when the two WGM resonators are both driven
with same intensity, we have two signatures to wit and
sense the rotation, one is the shift of the right photon
number peak while the other one is the appearance of
the left peak.
Let us go back to the case where only the resonator a is
driven, that is, ηb = 0, the Hamiltonian without rotation,
gain and loss can be written as
H ′ = (∆¯+J)A†A+(∆¯−J)B†B+ ηa√
2
(A†+A−B†−B).
(18)
It is implies that both of the supermodes are driven co-
herently with the same intensity. As a result, the average
photon number behaves as a double-peak-type curve as
shown in Fig. 3(a).
IV. FLUCTUATION SPECTRUM
We have studied the response of the coupled WGM
system, which serves as a rotation sensor, to the external
driving field. In the above section, we only discussed the
average photon number in resonator a. In this section,
we will take the quantum noise into consideration and
investigate the fluctuation spectrum of the output field.
In what follows, we will use the notation a and b to
denote the fluctuation operators for the resonator modes
without any confusion. According to Eqs. (8,9,13,14),
the fluctuations satisfy
d
dt
a = −[i(∆¯−∆)− ga/2]a− iJb
+
√
κex,aain +
√
κ0,aa
(0)
in +
√
ga
(g)
in , (19)
d
dt
b = −(i∆¯ + κb/2)b− iJa
+
√
κex,bbin +
√
κ0,bb
(0)
in . (20)
By introducing the Fourier transformation of operators
o(ω) =
∫ ∞
−∞
o(t)eiωtdt, o†(ω) =
∫ ∞
−∞
o†(t)eiωtdt, (21)
the operator for the resonator mode a is then solved as
a(ω) =
−iJBin(ω) + iFb(ω)Ain(ω)
N(ω)
, (22)
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FIG. 4: (a) The fluctuation spectrum and (b) its maximum
value of the output field for resonator a. The parameters are
set as g = 1.5κb, κex,a = κ0,a = κex,b = κ0,b = 0.5κb, ωd =
ω¯, J = 5κb.
where
N(ω) = J2 − [(∆¯− ω)− iκb/2][(∆¯−∆− ω) + iga/2],
(23)
Fb(ω) = ∆¯− ω − iκb/2, (24)
Ain(ω) = √κex,aain(ω) +√κ0,aa(0)in (ω) +
√
ga
(g)
in (ω),(25)
Bin(ω) = √κex,bbin(ω) +√κ0,bb(0)in (ω). (26)
Besides, the correlation relation for the noise operator
in the frequency domain can be obtained as
〈a†in(ω)ain(Ω)〉 = 0, 〈ain(ω)a†in(Ω)〉 = 2piδ(ω +Ω),
〈a(0)†in (ω)a(0)in (Ω)〉 = 0, 〈a(0)in (ω)a(0)†in (Ω)〉 = 2piδ(ω +Ω),
〈b†in(ω)bin(Ω)〉 = 0, 〈bin(ω)b†in(Ω)〉 = 2piδ(ω +Ω),
〈b(0)†in (ω)b(0)in (Ω)〉 = 0, 〈b(0)in (ω)b(0)†in (Ω)〉 = 2piδ(ω +Ω),
〈a(g)in (ω)a(g)†in (Ω)〉 = 0, 〈a(g)†in (ω)a(g)in (Ω)〉 = 2piδ(ω +Ω).
(27)
By use of the input-output relation aout = ain +√
κex,aa [34], the fluctuation spectrum for the output
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100
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FIG. 5: (a) The fluctuation spectrum of the output field of the
resonator a with gain (g = 1.5κb) and without gain (g = 0).
The other parameters are set as κex,a = κ0,a = κex,b = κ0,b =
0.5κb, ωd = ω¯, J = 5κb,∆ = 2κb.
field can be expressed as [35–37]
Sa(ω) =
1
2
∫
dΩ
2pi
〈aout(ω)a†out(Ω) + a†out(Ω)aout(ω)〉
=
J2κex,a(κex,b + κ0,b) + |N(ω) + iκex,aFb(ω)|2
+κex,a|Fb(ω)|2(κ0,a + g)
2|N(ω)|2 ,
(28)
where we have used the relation o†(ω) = [o(−ω)]†.
In Fig. 4(a), we plot the fluctuation spectrum for the
output field of resonator a when both of the resonators
are driven resonantly (ωd = ω¯). Here, the active res-
onator a experiences the noise associated with both of
the gain and loss while the passive resonator b experi-
ences the noise associated with only the loss. Such non-
equilibriumness leads to the similar behavior of the two-
peak spectrum profile to that shown in Fig. 3(a) (but
the physics is completely different), where the driving to
resonator b is absent. Here, the distortion and the shift
of the spectrum peak serves as the indicator of the rota-
tion. Besides, we also demonstrate the peak-value for the
left peak as a function of the Sagnac-Fizeau shift ∆ in
Fig. 4(b). This peak-value is also the maximum value of
the spectrum, therefore we denote it as Smaxa . It shows
in Fig. 4(b) that Smaxa has an ascend trend with some
oscillation as the increase of ∆, it means that our sys-
tem with optical gain is beneficial to performing rotation
sensing for large angular velocity.
At last, we compare the results of the spectrum to
the situation without gain, that is, g = 0. As shown
in Fig. 5, the system with resonator gain will contribute
two narrower and higher spectrum peaks, and is therefore
more sensitive for detecting the rotations.
V. CONCLUSION
Recently, the rotating WGM resonator has been re-
alized experimentally, where the angular velocity has
achieved by Ω ≈ 6.6 kHz [21], and a more faster setup for
the nano-rotor is reported with GHz rotation [38, 39]. In
such a situation, the Sagnac-Fizeau shift is in the order
of MHz to GHz, and therefore our theoretical proposal
about the rotation sensing can be realized in the coming
experiments.
In conclusion, we have theoretically proposed a rota-
tion sensing scheme based on two coupled WGM res-
onators with loss and gain. We have discussed both of
responses of the steady state and fluctuation spectrum to
the rotation of the active WGM resonator. The shift of
the inter-resonator coupling induced normal mode split-
ting can be served as the sensitive indicator of the rota-
tion in our scheme. Moreover, the strength of the fluc-
tuation spectrum with gain is much stronger than that
without gain. We hope our studies can be useful for de-
signing the active resonator based quantum gyroscopes.
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